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Abstract 

We construct a compact complex manifold of dimension three, 
such that every meromorphic map from two-dimensional domain into 
this manifold extends meromorphically onto the envelope of holomor- 
phy of this domain, but there is a meromorphic map of punctured 
three-dimensional ball into our manifold, which doesn't extend to ori- 
gin. A Theorem describing the obstructions occuring here is given. 

0. Introduction. 

The purpose of this paper is to present an example of compact complex three-fold 
having " strange" behavior with respect to a meromorphic mappings into it and give certain 
positive results in entitled direction. 

All complex spaces, which we consider in this paper are supposed to be reduced and 
normal. 

Let D and X be complex spaces. Recall that a meromorphic mapping / from D to 
X is defined by its graph Tj, which is an analytic subset of the product Dxl, satisfying 
the following conditions: 

(i) Tf is locally irreducible analytic subset of D x X. 

(ii) The restriction n \r f - Tf — > D of the natural projection n : D x X — > D to V f is 
proper, surjective and generically one to one. 

This notion of meromorphicity is due to Remmert, see [Re], and is based on the 
observation that meromorphic functions on D are precisely the meromorphic mappings, in 
the sense just defined into X = CP 1 . Denote by 



H n (r) = {(*!, ...z n ) G C n : \\z'\\ < r, \z n \ < 1 or ||z'|| < 1,1 -r < \z n \ < 1} (0.1) 

a n-dimensional Hartogs figure. Here z' = (zi, ...,z n _i), < r < 1 and || • || stands for the 
polydisk norm in C n . 

Definition. Recall, that the complex space X possesses a meromorphic (holomorphic) 
extension property in dimension n if any meromorphic (holomorphic) mapping f : H n (r) — > 
X extends meromorphically (holomorphically) onto the unit polydisk A n . 

When one studies an extension properties of holomorphis mappings one finds the 
following statements, proved correspondingly in [Sh-1] and [Iv-1], usefull: 



AMS subject classification: 32 D 15, Key words: meromorphic map, Hartogs extension 
theorem, Lelong number, separate meromorphicity, Rothstein-type extension theorem. 
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1. If a complex space X posseds a holomorphic extension property in dimension n then 
for every domain D over a Stein manifold Q of dimension n any holomorphic mapping 
f : D — > X extends to a holomorphic mapping f : D — > X from the envelope of holomorphy 
D of D into X. 

2. If a complex space X posseds a holomopric extension property in dimension 2 then X 
posseds a hoi. ext. prop, in all dimensions n>2. 

The same proof as was given by B. Shiffman in [Sh-1] shows that the first statement 
remains valid for the meromrophic mappings. While, and this is our starting point here, 
the second fails to be true! 

Namely in §1 we shall construct the following 

Example . There exists a compact complex three-fold X such that: 

(a) For every domain D in C 2 every meromorphic mapping f : D — ► X extends to a 
meromorphic mapping f : D — > X . Here D stands for the envelope of holomorphy of D. 

(b) But there exists a meromorphic mapping F : B 3 \ {0} — > X from punctured 
three-ball into X which does not extend to the origin. 

This example shows the essential difference between extension properties of holomor- 
phic and meromorphic mappings. In fact this phenomena backwards several difficulties in 
studying the meromorphic maps. Thats why we devote the "positive" part of this paper 
to the explainations what are the obstructions for passing from extension of mappings of 
two-dimensional domains to three-dimensional ones. We shall prove in this direction the 
following 

Theorem. Let f : H 3 (r) — > X be a meromorphic mapping of ^-dimensional Hartogs 
figure into a complex space X , which possesses a meromorphic extension property in di- 
mension two. Then: 

(i) f extends to a meromorphic mapping of A 3 \S, where S has a form 

S = Si x S2 x S3, and Sj are closed subsets in A of harmonic measure zero. 

(ii) Let sq G S be a point. Suppose that the Lelong numbers Q(f*Wh,so) 
and 0((f*Wh) 2 ,so) are finite. Then there exists a regular modification 
iv : A 3 — > A 3 , such that f o % holomorphically extends onto some 
neighborhood of ir~ 1 (so). 

Remark. In this theorem we suppose that the space X is equipped with some Hermitian 
metric h, and Wh its associated (l,l)-form. Currents Tk = (f*w) k are defined on A 3 \ S. 
We define the Lelong numbers of (k,k)-current R in so as 

e(R,s ) = limsupl/£ 2(n - fc) / RA(dd c \\zf) 2{n - k) . (0.2) 

s\0 JB S0 (e)\S 

@(R,sq) can take also infinite values. Remark only that finiteness or infiniteness of those 
numbers in sq doesn't depend on the particular choice of metric h on X . 

We want to point out here the following. If one wishes to use the Bishops extension 
theorem for analytic sets in order to extend the graph Tf from (A S \S) xX onto A 3 xX, one 
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needs to estimate the volume of V f in the neighbourhood of S, say in the neighbourhood 
of some point s G S. For this one needs to estimate besides 

/ f*wA(dd c \\z\\ 2 ) 2 and I (f*w) 2 A dd c \\z\\ 2 

also the integral f R , Jf*w) 3 . The theorem stated above makes possible for us to get rid 
of the last integral. 

Of course the finitness of Lelong numbers of the current f*Wh and its powers are 
nessessary for the extension of /. Finally, holomorphic extension of f on to the neighbor- 
hood of 7r _1 (so) implies a meromorphic extension of / to the neighborhood of s$. 

Methods which are developped here we apply to the questions of separate analyticity 
of meromrophic mappings with values in general complex spaces, see 2.5 for details. 

I would also like to give my thanks to the referee for numerous remarks and corrections. 
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1. Counterexample. 

We shall start with the construction of the example announced in the Introduction. 
1.1. Construction of an example. 

Take C 3 with coordinates z\,Z2,z$. Denote by Zo the line {zs = Z2 = 0}. Zo has a 
natural coordinate z\. By Xq denote the ball of radii 1/2 centered at zero in C 3 . 

Consider now a blowing up C 3 of C 3 along Zo. The origin in C 3 we denote by Oo- Let 
7r : C 3 — ► C 3 be our modification, E = 7r ~ 1 (Zo) - the exceptional divisor. By 0i we 
denote the point of intersection of the strict transform 7r ~ 1 ([^3]) of z% - axis with E . In 
the affine neighborhood of 0i we introduce the standard coordinate system 111,112,113 such 
that modification 7r : C 3 — ► C 3 in those coordinates is given by 
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z 2 = u 2 u 3 



(1.1.1) 



?3 =U3 

The preimage of Oo under the modification tiq we denote by l 1 . Put 7Tq 1 (Xo) = X\. 
Now we blow up X\ along l 1 . Denote by 7Ti : X 2 — > Xi this modification. Let E\ be the 
exceptional divisor of tt\ and Zi let be the intersection of E\ and E (more precisely with 
the strict transform of E under 7Ti) . The proper preimage of Oi under tt\ we denote by 
Z 2 . The point of intersection of l 2 with Eq denote by O2. In the affine neighborhood of O2 
we introduce coordinate system vi,v 2 ,V3 (standard one for the modification %i) in which 
our modification tti is given by 

U\ = Vi 

u 2 = v 2 (1.1.2) 

U3 = V1V3 

Next, consider the blowing up of X 2 along l' 2 rr 2 : X s — > X 2 . By E 2 denote the 
exceptional divisor of ir 2 . Put l 2 = E 2 fl-Ei, / 3 = E 2 nE . O3 let be the point of intersection 
-E0 H -Ei fl -E2 • Here again by Eq,E\ we understand the appropriate strict transforms. 
We introduce a coordinates wi,w 2 ,w 3 in affine neighborhood of O3 in such a way that 
tv 2 : X 3 — > X 2 is given in those coordinates by 

Vi = WiW 2 

v 2 = w 2 (1.1.3) 

Take now the composition tv = %o o % 1 o tv 2 : X3 — > Xq, which in coordinates can be 
written as 



z 1 = w 1 w 2 

z 2 = W1W2W3 (1-1-4) 

Z 3 = WiW 2 W 3 

Take now two copies of Xq, denote them by Xq 1 ^ and Xq 2 \ On -^0 ^ us ^ x initial 
coordinates zf* , , . On the affine neig hborhood of 0^ G xjp we fix coordinates 
w ] l \ w 2\ w 3^ so as where introduced by (1.1.1), (1.1.2), (1.1.3). Consider now a holomor- 
phic mapping </> : Xq — > which sends zero Oq 1 ^ from X^ to O3 and in coordinates 

z^ 1 ' and is defined by 



(2) (i) 



«4 2) = 4 1} (i-i-s) 

(2) (1) 



(1) ,„(2) 



i.e. 4> is identity in z 1 - >,w 

Now blow up Zq 1 in Xq 1 ^ an< ^ 4 * n -^-^ • D en °te the manifolds obtained by X^ 
and £f\ X { q ] = X[ 1} in our notations. Proper preimage of denote by E3. Lift 

up 4> to a biholomorphism : — > ^(Xq 1 ^ 1 ) C X^ . The fact that 4> lifts to a 
biholomorphism, not just a bimeromorphism, of blowings up follows from the observation 

that 4 in coordinates is given by {w^ = = 0}. Recall, that l is given by 
= 4 1} = 0}. So from (1.1.5) we see that sends the center of blown up Zq into 

another one Z3 , and thus the lifting is holomorphic. 

Now take small e > 0. By Xf e denote the ball in C 3 of radii \±e. By X± e , j = 1,2,3 

denote manifolds obtained by our blowings up from X^ 6 as Xj from Xq. By X^ denote 

(i) 

the corresponding manifolds obtained from Xq , i = 1,2. 

Take t/ £ = xf Y \ 4>(x£ r ') - domain in xf r . Here (2) £ and (l)" e one should 
understand as indices, not as numbers. By tv^ : Xq 1 ^ — > Xq X \ tt^ : X^ 1 — > x\ 2 \i = 
0, l,2,7r( 2 ) = rr^ oir^ ott^ we denote the corresponding modifications. 

Consider a map i):X^> — >X ± ' which in our coordinates z Kl > is given as identity: 



= zf 

4 1} = 4 2) (1.1.6) 

JX) _ J3) 
^3 ~~ ^3 

Lift this map onto the blowings up to get 

f^f-^ 1)£ (1-1.7) 

Now remark that further blowings up of Xq = X± ' do not effect the neighborhoods 
of the boundaries of Xq . We shall denote this neighborhoods as V^ £ , having in mind that 
they are copies in Xq of V s = Xq\cI(Xq 6 ). So biholomorphism ip, defined in (1.1. 7), can 
be restricted to a biholomorphism (which we denote by the same letter) $ : V^ e — ► V^ £ . 
Now we can define a biholomorphism g = ^otfj between and <p{VX ) - neighborhoods 
of two connected components of the boundary of in LA 2 ) . Here we defined U^ l > and 

U^ £ to be a copies in X^\ of the open sets U = X^^X^) and U £ = xf Y \4>(X^ ir '). 

Now we can glue the neighborhoods V^ £ and 4>(y^^ by biholomorphism g to get 
from U^ e a compact complex threefold X. 

Note that after gluing Eq and E3 constitute one divisor. We shall denote it both as 
Eq or E%. 

1.2. Construction of the universal cover and nonextendable map. 



5 



We must prove two facts about X. First: that there exists a meromorphic mapping 
F : B 3 \ {0} — > X which does not extend to the origin. Second: any meromorphic map 
/ : H 2 (r) — > X extends to a meromorphic map / : A 2 — > X. Here H (r) = {(^1,^2) £ 
A 2 : \ui\ < r or 1 — r < \v>2\ < 1} is a Hartogs figure of dimension two. To prove this we 
shall need the universal covering X of X. In this paragraph we give the construction of X 
together with nonextendable mapping F : B s \ {0} — > X. 

We shall make this construction in 5 steps. 

In the previous paragraph we had constructed a biholomorphic mapping g : V s — ► 
<p(V £ ), where both V 6 and <p(V s ) are open subsets of Jff, and actually are the neighbor- 
hoods of the connected components of the boundary of U = X 3 \ (/)(X ). To simplify a bit 
our notations we denote the subset 4>(V e ) of Xf simply as V e . 

Step 1. Construction of manifolds X^ 1 ' and Uf,i > 0. 

Put = X§. Domain U £ in X^ denote as E/g. Attach X^ to U £ by g : V e — ► 
V £ C U e . Manifold obtained, denote as X^\ 

Manifold X^ has exactly one end, namely V e . Domain in X^ which is U e UUQ/g 
we denote by Uf . 

We can repeat this construction with X^ 1 ' instead of X^°\ Namely, take X^ and 
attach it to U s by g : V s — ► V S C U e to get X^ 2 \ Domain in X {2 "> which is UfUU s /g we 
denote by E/f • 

Suppose that the manifold i s constructed and it has one end V s . Attach X® to 
U e by g : V 6 — > U £ to get X^ l+1 \ which again has one end V s . Domain in X^ +1 ^ which 
is Uf U U e /g denote by Uf +1 . 

Step 2. Construction of manifolds X^~ % > and U e _^i > 0. 
As we take again X§ with U^ = U e . 

To obtain A^" 1 ) attach X§ to C/g by g : V £ — > V e C Ufi. Domain in X^ 1 ^ which is 
U$ U U e /g denote by E^. 

Suppose that the manifold X^^ and domain U-i in A^ - *) are constructed. To get 
X^-V attach Af to Ef^ by # : V £ — ► V £ C and put t/i^ = U E/ e /#. 

Step 3. Construction of the universal cover. 

Manifolds Uf and U e _ { have the common part Uq. So we can glue them by the 
identification in UfUUti of two copies of Uq. The manifold obtained we denote by Uf_i i- 
In the same way we can consider Uf U Utj/g = Uf_j. 

We have now an increasing sequence of complex manifolds Uq C C Uf _ 1 C C CC 

Uf _i CC • • • . The union {J i>0 Uf _ { = Uoo is a complex manifold, and we are going to 
prove that it is the universal cover of X. We first remark, that obviously U^ is simply 
connected. 

Step 4. Construction of group of covering transformations. 

We start with the biholomorphic mapping g : V s — > V S which sends one end of Uq 
to another. Recall that U^/g = X is our compact threefold. 

Lemma 1.2.1 g extends to biholomorphic automorphism of Uqq. Moreover we have 
X Uoo/ < 9 n >nez- 
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Proof. The heuristic argument for the extendability of g is that it is given " as identity" in 
globally defined coordinates. But we shall use here the Hartogs-type extension argument. 
After this the second statement of the lemma becomes clear. 

For any pair of integers such that i > j we consider a subdomain Ufj in Uqq 
defined in a following way. 

If i > > j then Ufj is already defined. 

If > % > j then Ufj = U e 3 \ Uf~ . 

If % > j > then Ufj = Uf \ U~ e . 

Here domains Uf~ are constructed from U £ ~ = Xf> \(p(X^> ) in a similar way as 
Uf from U £ , and U~ £ form U~ £ = ^ \ 4>{X^ r '). 

By attaching Xf to ■ by (7 we get manifolds 00 > i > j > —00. 

Our map g : V s — >■ Vq we consider as a map from the open subset of Uq ^^ into 
itself. Note that the image of g is contained in Ut 1 j _ OQ . We are going to prove that g 
extends to a biholomorphic map from Uq _ 00 onto U £ _ x _ OQ . 

For this purpose take any j < 0. Remark that g maps the neighborhood V s of 
the boundary of X^ '^ biholomorphically onto the neighborhood V e of the boundary of 
X^- 1 '*- 1 ). Note that X^^ and X^ 1 ^-^ could be naturally blown down to get an X - 
the usual ball in C 3 . So g became a biholomorphism of the neighborhood of S 5 onto itself. 
So it extends by the Hartogs extension theorem. 

In the same way g~ x extends to a biholomorphic map of U £ <3 ^_ 1 onto U^ q. 

q.e.d. 

By p : Uoo — ► X we denote the covering map. 

Step 5. Construction of nonextendable map. 

Our construction gives a natural bimeromorphic map / from Xq \ {0} = B 3 onto 
Uq Then taking the composition p/ = Fwe get our nonextendable map. 

Another way to obtain / is to consider the composition iow -1 of inclusion i : V s — > 
^0,00 with the restriction of blowing up 7r _1 onto Xq\c/(Xq" £ ). Now, similarly to the step 4, 

one can easily observe that ion' 1 extends to a bimeromorphic map / : Xq \{0} — > Uq ^ 

1.3. Two - dimensional extension property of X. 

In this paragraph we shall prove that every meromorphic map / : H 2 (r) — > X extends 
to a meromorphic map / : A 2 — > X . 

Take < 5 < r and denote by H§{r) = {(wi,^) £ A 2 : \u±\ < r — S, \u2\ < 1 — 5 or 
I tti I < 1 — 5, 1 — r + 5 < I 1 < 1 — 5} - shrunked Hartogs domain. It is sufficient to prove the 
extendability of / onto Af_ s = {(ui,U2) € C 2 : \uj \ < 1 — S,j = 1,2} for arbitrary 5 > 0. 

Using the fact that H 2 (r) is simply connected we can lift / to a meromorphic map 
/ : H 2 (r) — > Uoo. H 5 (r) CC H 2 (r) so f(H 5 (r)) CC U^, the latter means that there 
exists i < 00 such that f(H$}(r)) C U?_ { . Applying g l to / we get a map fi=g l of- 
Hg(r) — > Uq 2i- ^ we extend fi as a meromorphic map fi from A 2 _ s to Uq ^ then 
pog~ l o f 1 will give us a desired extension of /. 
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Take a composition h = p o f 1 : Hg{r) — > X = B\^ C C 3 . This is a holomorphic 
mapping of Hg{r) into X C C 3 . So it extends to a holomorphic map ft : A 2 _ 6 — >■ Xq. By 
A denote the preimage of zero under h. There are three possibilities. 
Case 1. A = Aj_ s . That means that f(Hg(r)) C E, where E is an exceptional divisor of 
X. But all three components of E are bimeromorphic to CP 2 . So in that case / obviously 
extends onto A 2 _ 5 . 

Case 2. A has components of positive dimension. 

Denote them by A\, ...,An- Let also a\, ...,om are the isolated preimages of zero under 

h. 



Because p : Uq _ oc \ 



U~JTULo^uuL^° 



an extension of fi onto A 2 _ 5 \ 



Uf=i^7uUf=iK} 



-> Xq \ {0} is bimeromorphic we have 
Here we denote by A+ = AjDHgir), 



by Aj = Aj\A+ ,and E) denote the copies of Ej in Uf^J = 0,1,2,3. Note that E\ is 
glued to -Eq 1 and constitute a single divisor, which we shall denote either by E\ or E 1 ^ 1 . 

Consider now f\ as a meromorphic map from Hg(r) to U^ _ 2i C X^~ 2l ~ L \ Because 
-^■{-2%-l) j g ^^^1^ a blown up ball we can extend fi as a map / from A 2 _ 5 to 

X(" 2 -^. Now A(Uf =1 ^) C UfcSU5=o4. because /i(Uf=i^ + ) c U*= U;=o*?- 
That means that fi(\jf =1 Aj) do not intersect i? 2 " 2j_L for L big enough. This follows 
from Lemma 1.3.1 stated below and the fact that nontrivial holomorphic mapping from 
1-dimensional space is always locally proper. So its image is locally contained in a curve 
by the Remmert proper mapping theorem. Before applying Lemma 1.3.1 one only should 
embed this curve into a (nonsmooth in general) hypersurface. So if we consider fi as a 
map into ?7o,-cx3, then fi([jf =1 Aj) C ?7q _ 2 i-2- So there is a neighborhood W of U^Li^j 
such that fi(W) C Uq 2 i-2- ^he latter means that pog~ l o fi extends onto W. So our 
map / is extended onto A 2 _ 5 \ Ufcli{ a fc}- 

So the last case left. 
Case 3. A is a finite set of points {ai, ...,o,m}- 

Take a neighborhood B of a±. Because a-y is isolated preimage of zero under h, there 
is a neighborhood of ai,say B itself, such that h |_g is proper. So h(B) is contained in a 
germ of hypersurface P in Xq, passing through origin. Note that this fact was not obvious 
from the beginning because of the well known Osgood example, see [4], p. 155. If we shall 
prove that the lifting p~ 1 (P) of P onto £/o,-oo is relatively compact in Uq ^ then we are 
done, because then fi maps B \ {ai} into some Uq _ l C X\-^. 

To prove that the lifting of P by p is relatively compact in Uq _ oc , the next lemma is 
sufficient. Denote by $ the transformation given by (1.1.4). 

Lemma 1.3.1 Let P(z) be a convergent series in variables zi,Z2,z$. Then ,there exist an 
N such that P($ N (z)) has the form z? 1 ■ z 2 2 ■ z% 3 ■ a + F(z) 
constant, F is convergent series and F(0) = 0. 

Proof. Consider a Newton polyhedron N P of P(z) in M 3 . Consider also the next unimod- 



where a is some nonzero 
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ular transformation 

A = 



ofK 3 . One can easily check the following properties of A : 

1. The real eigenvalue n of A satisfies fx > 3. 

2. Consequently the complex one A satisfies |A| 2 = < 1/3. 

3. The eigenvector v, which corresponds to fi, has positive coordinates. 

4. The A - invariant plane IT, which corresponds to A intersects the positive octant 
by zero. 

5. IT contains no vectors with integer coordinates. 

The latter is true because A acts on IT as rotation together with contraction by A. 

From 5 we see that there is a constant a > 0, such that every edge of Np has an angle 
at least ctwith IT. Now, because A acts as contraction on IT and as dilatation on [ifa>],all 
edges of N p n have angles with IT which are uniformly tending to the angle between v and 
IT. Here by P N we denoted P( <fro .„ o <& (z)). 

JV 

This proves the lemma. 

q.e.d. 

Remarks 1. The example, just constructed, has some common futures with an example of 
Hirschowitz, see [Hs], of weakly but not strongly meromorphic mapping. In fact the map 
F, obtained in 1.2 is weakly meromorphic in the sense, that for any complex curve C 3 
the restriction F \ C \o extends holomorphically onto C. But clearly the two dimensional 
extension property of our X is much stronger condition than just a weak meromorphicity 
of some given map, namely of F, which is not strongly meromorphic. 

2. Note also, that X contains some sort of "spherical shell". Namely a bimeromorphic 
image V s of the neighborhood of S 5 from C 3 which doesn't bound a domain in X. We want 
to point out that this is different from the situation examined by M. Kato in [Ka-1], who 
studied so called "global spherical shells" i.e. biholomorphic images of some neighborhoods 
of S 12 " -1 from C n , which doesn't bound. Our X doesn't contain a GSS in the sense of 
Kato. 

2. Meromorphic polydisks. 

2.1. Generalities on pluripotential theory. 

We start with some well known facts from pluripotential theory . Let D be an open 
subset of C n and S subset of D. Consider the next class of functions 

U{S,D) = {ueV-(D) :u\ s > 1} (2.1.1) 

where by V-(D) we denote the class of nonnegative plurisuperharmonic functions in D. 
Definition 2.1.1. The lower regularization w* of the function 

w((,S,D) = inf{u(C) : u G U(S,D)} (2.1.2), 
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is called a V- measure of S in D, i.e. 

w*(z,S,D) = 1imin£w(C,S,D) (2.1.3) 

Note that w* is plurisuperharmonic in D . 

Definition 2.1.2. A point so G S is called a locally regular point of S if iu*(so, S 1 n 

A(s ,e),A(s ,e)) = 1 for all e > 0. 

We shall also say that the set S is locally regular at s . 

The next statement is known as the two constants theorem; see for ex. [Sa]: 

let v be plurisubharmonic in D such that v\s < Mq and v\d < Mi. T/ien /or z <E D 

one has 

v<Mq-w*{z) + M 1 -[1-w*{z)] (2.1.4). 

The following lemma can be proved by Taylor expansion and using (2.1.4). 

Lemma 2.1.1. Suppose that the function f is holomorphic and bounded by modulus with 
constant M in A n x O, where O is a subdomain in A q . Let for s G S f s = f(s,-) extends 
holomorphically onto A q s = {s} x A q . Suppose that all this extensions are also bounded by 
modulus with M . If s$ G S is a locally regular point then for every < b < 1 there is 
an r > such that f holomorphically extends onto A n (so,r) x A q (6) and is bounded by 
modulus with M ■ . 

Recall that a compact subset £ C D is called pluripolar if there exists a plurisub- 
harmonic function u in D,u ^ — oo, such that u \s= — oo. S is complete pluripolar if 
S = {z : u(z) = — oo}. We shall repeatedly use the following statement: 

if subset S C D (D is now pseudoconvex) is not locally regular at all its points then S 

is pluripolar, 

see [B-T],[Sa]. We shall use the following immediate corollary from the famous Josefson 
theorem, see [Kl]: 

Let Vt be a pseudoconvex set in C n , and let S n be a sequence of subsets of Vt such that: 
1) Si is closed and pluripolar in O; 

n is closed in Vt\ S n pluripolar; 
Then S := IJ^Li $n is pluripolar in O. 

2.2. Passing to higher dimensions: holomorphic case. 

We want to show now that if a complex space X possesses a holomorphic extension 
property in dimension two than X possesses this property in all higher dimensions. Let 
n>3. Put 

E n (r) = (A?" 2 x A r x A) U (A^" 2 x A x A 1 _ rA ) = A™" 2 x H 2 (r) 

Lemma 2.2.1. // any meromorphic (holomorphic) map f : E n {r) — > X extends to 
a meromorphic (holomorphic) map f : A" -2 x A 2 — > X then the space X possesses a 
meromorphic (holomorphic) extension property in dimension n. 
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Proof. Let / : H n (r) ->Xbea meromorphic (holomorphic) map. Because E n (r) C H n (r) 
the map / can be extended onto A™ -2 x A 2 . We shall prove by induction on j = 2, . . . ,n 
that / can be extended onto A™ _J x A- 7 . For j = n we shall get the statement of Lemma . 

Suppose it is proved for j. Let z\,...,z n be the coordinates in C n . For a point 
z' Q = (zq - - 7 " 1 " 1 , . . . ,^q _1 ) G A{zl consider a domain 

E\{r) = [A?"''" 1 x A r x A}" 1 ^) x A] U [A?"'" 1 x A x Aj" 1 ^) x A w ]. 

Here by A J r ~ 1 (z' ) we denote the (j — l)-disk of radii r centered at z' . Because E™, C 

(A™ - - 7 x ni/ n (r) the map / by the induction hypothesis extends onto A" - - 7-1 x A x 
A J r ~ 1 (z' ) x A. But 

|J A?-'" 1 x A x A{lJ(4) x A = Ajr j ' _1 x A J+1 
and the Lemma is proved. 

q.e.d. 

Now left to prove the following 

Lemma 2.2.2. Let f : E n+1 (r) — > X 6e a holomorphic mapping into a complex space X . 
Suppose that for every Zq G A r t/ie restriction f z i of f onto {z 1 = Zq}(1 E n+1 (r) := E\ (r) 

extends holomorphically onto A^ (r) := {zq } x A" -1 x A 2 . Then f holomorphically extends 

onto A™" 1 x A 2 . 

Proof. Shrinking disks and annuli involved in the definitions of E n+1 (r) and E™i(r) we can 

suppose that / is defined in the neighborhood of E n+1 (r) and for every Zq G A r extends 

holomorphically to the neighborhood of {z^} x A™ -2 x A 2 on the hyperplane {z 1 = Zq], 
which doesn't depend on Zq. Making homothety by - on first (n — 1) coordinates we can 
suppose that / is holomorphic in the neighborhood of the closure of domain (A n_1 x A r x 
A) U (A n_1 x A x Ai_ r>1 ) and for every Zq G A the restriction f z i extends holomorphically 
to the neighborhood of the closure of {zq} x A n_2 x A 2 on the hyperplane {z 1 = Zq} not 
depending on Zq. 

It is enough to prove that for every Zq G A the map / extends holomorphically onto 
the (n + l)-dimensional neighborhood of {zq} x A n := A^ x . Because f z i is holomorphic 

on A^i the graph x is an imbedded n-disk in the space A n+1 x X. Let W be a Stein 

neighborhood of Tf 15 see [Si-3]. From the holomorphicity of / on (A n_1 x A r x A) U 

(A n_1 x A x Ai_ r> i) follows that for z 1 in some neighborhood U 3 Zq, / 2 i((A n_1 x A r x 
A) U (A"" 1 x A x ki_ r> i)) C W. But W is Stein, so / 2 i(A n " 2 x A 2 ) C W for all z\ G U. 
I.e. the map / maps U x A n_2 x A 2 to W. So the statement of the Lemma is reduced 
to the analogous statement for mappings into Stein manifolds, and for them our Lemma 
is obvious. 

q.e.d. 
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As we already had mentioned in the Introduction, our example shows that the anal- 
ogous statement for meromorphic mappings is not valid. Here we only want to point out 
that the proof of Lemma 2.2.2 for the meromorphic case fails, because if f z i is essentially 
meromorphic (i.e. not holomorphic) then Ff 1 doesn't have Stein neighborhoods. 

2.3. Sequences of analytic sets of bounded volume. 

A Hermitian metric form on the complex space X we define in the following way. 
Let an open covering U a of X is given together with proper holomorphic injections Q : 
U a — > V a into a domains V a C C n ( a \ Let U' a be the images of U a . Let {w a } are positive 
(l,l)-forms on V a . {w a } defines a Hermitian metric form on X if (</> a cxfi^ywp = w a for 

all a, (3. Note that 4> a is defined in some neighborhood of (pf3(U a HC/g) in C n ^ . We 

say that the metric w is Kahler if dw a = on V a for all a. 

Fix a complex space X , equipped with some Hermitian metric h. By Wh, or simply by 
w denote the (l,l)-form canonically associated with h. Let A q be a polydisk in C 9 with 
standard Euclidean metric e. The associated form will be denoted by w e = <i<i c ||,2:|| 2 = 
i/2J2 9 j=i dz j Ac%. By p x : A q x X — > A q and p 2 : A q x X — > X we denote the 
projections onto the first and second factors. On the product A x X we consider the 
metric form w = p\w e -{-p^Wh- 

Definition 2.3.1. By a meromorphic (/-disk in the complex space X we shall understand 
a meromorphic mapping 4> : A q — > X , which is defined in some neighbourhood of the 
closure A q . 

It will be convenient for us to consider instead of mappings <p '■ A q — > X their graphs 
r<^. By (j) = (z,(f)(z)) we shall denote the mapping into the graph r<^ C A q x X. The 
volume of the graph of the mapping is given by 

vol(Y 4> )= f w q = [ (<P*w h + dd c \\z\\ 2 ) q (2.3.1) 
Jt^ Jai 

Here by (j)*Wh we denote the preimage of Wh under 0, i.e. 4>*Wh = {pi)*P2 w h- 

Recall that the Hausdorff distance between two subsets A and B of the metric space 

(Y, p) is a number p(A,B) = inf{e : A e D B,B e D A}. Here by A £ we denote the 

^-neighborhood of the set A, i.e. A e = {y e Y : p(y,A) < e}. 

Further, let {4> r } be the sequence of meromorphic mappings of the complex space D 

into the complex space X. 

Definition 2.3.2. We shall say that {<j) r } converge on the compacts in D to the mero- 
morphic mapping <p : D — >■ X, if for every relatively compact open Di CC D the graphs 
Y ( f )r fl (Di x X) converge in the Hausdorff metric on Di x X to the graph n {D\ x X). 
First we shall prove the following 

Lemma 2.3.1. Let {<p r } be a sequence of meromorphic q-disks in complex space X . 
Suppose that there exists a compact K C X and a constant C < oo such that: 

a) (pr(A q ) C K for all r; 

b) vol(r^) < C for all r. 

Then there exists a subsequence {(f) r . } and a proper analytic set A C A q such that: 
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1) the sequence {r^ r } converges in the H aus dor ff metric to the analytic subset V of 
A q x X of pure dimension q; 

2) T = Y^UY, where Y^ is the graph of some meromorphic mapping (f> : A q — > X ,and 
Y is a pure q-dimensional analytic subset of A q xX ,mapped by the projection pi onto A; 

3) <p rj — > <fi on compacts in A q \ A; 

4) one has 

lim voJ(r^ r .)>voJ(r^) + voJ(f). (2.3.2) 

j >oo J 

5) For every 1 < p < dimX — 1 there exists a positive constant v p = u p (K, h) such that 
the volume of every pure p-dimensional compact analytic subset of X which is contained 
in K is not less then v p . 

6) Put f = [J^1qY p , where T p is a union of all irreducible components oft such that 
dim\pi(T p )] =p. Then 

q-1 

vol 2q (t) > vol 2p {A p ) ■ v q _ p (2.3.3) 

where A p = pi (T p ) . 

Proof. 1) The first statement of this lemma is exactly the theorem of Bishop about 
sequences of analytic sets of bounded volume, see [St]. Because Y ( f >r C A q x K, so also a 
limit rcA'xK. Consequently p\ |r: T — > A q is proper. Further, because pi(T ( f )r _ ) = A q 
for all so pi(r) = A 9 . That is our map p\ \r'T — > A 9 is surjective. 

Let T C A g x X be an analytic subset and let p\ |r T : — ► A q be the restriction of 
the natural projection onto V. We shall say that p\ |r is one to one over a generic point, 
if there exists an open D C A q such that p\ \m P ~ 1 (D) : rnp^ 1 (D) — > D is one to one. In 
this case, using the Remmert proper mapping theorem one can show that D can be taken 
to be A q minus proper analytic subset. 

2) Define Ti = {(z,x) G V : dimt z ^{pi \y)~ 1 (z) > 1}. Ti is an analytic subset of T. 

By the properness of p\ |r A\ =p\{T\) is analytic subset of A q . By T denote the union of 
irreducible components of Tx of dimension q ant put A = pi(T). Then T = U T, where 
is the union of those irreducible components of V which are not in T. Remark that 
because dim A < q — 1 the restriction pi \-p, is surjective and one to one over the general 
point. To prove that is a graph of some meromorphic mapping it is sufficient to show 
that r<£ is irreducible. Suppose that 1?2 is some nontrivial irreducible component of T^. 
Because p± |r^ is one to one over a general point then pi(T2) = A 2 is a proper analytic 
subset of A q . But then T 2 C T by the definition of V. So is irreducible and thus is 
a graph of a meromorphic mapping which we denote by 4>. Let V be the union of all 
irreducible components of Ti of dimension less then q. Then pi{V) = F is exactly the set 
of points of indeterminacy of the map (p. 

3) T ( j )r _ — > T = r<£ UT on A q x X. So, because V = p^[ l (A) we have that r^ r . — > r<^ on 
compacts in (A q \A) x X. By definition this means that <p rj — > </> on compacts in A q \ A. 

4) This statement follows from the generalisation of the theorem of Bishop made by 
Harvey-Shiffman, see [H-S] . The theorem of Harvey-Shiffman states that the sequence of 
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analytic sets {r^ } , which in our case converges to the analytic set T in the Hausdorff 
metric, converges to V also in locally flat topology, see Theorem 3.9 from [H-S]. The 
latter means, in particular, that for any (k,k)- form O on A q x X with compact support 
f r O — > f r O when j — > oo. 

If one takes as O the q th exterior power of w times nonnegative function ip with 
compact support, i.e. O = ifj-w q , and takes into account that vol(T) = f r w q , then one 
gets that for every compact K C A q x X: 



vol{T 4>r .f\K) = [ w q ^ [ w q 
3 Jr+ JrnK 



= voi(r ck nK) + voi(rnK) (2.3.4) 

Now take into account that K is arbitrary and that the limit in (2.3.4) one should 
understand with multiplicities. Withought multiplicities one gets from (2.3.4) the stated 
unequality (2.3.2). 

5) Proof of this item we shall derive from contradiction. Suppose that there exists a 
sequence of pure p-dimensional compact analytic subsets {Cj} in X such that vol(Cj) — ► 
while j — > oo. Going to a subsequence one obtaines that Cj k — > C in the Haussdorff 
metrik to the compact p-dimensional analytic set C. From (2.3.2) we see that voi(C) < 
limjt^oo inf vol(Cj k ) = which is impossible. 

6) The relation (2.3.3) reflects the fact that our metric w on the product is a sum of 
the metrics on the factors. Recall that A = pi (V) , where T is a union of the irreducible 
components of the limit V other then r^. As above denote by A p = (pi|r)(r p ), where T p 
as above is a union of irreducible components of F such that dimA p = p. For the proof of 
(2.3.3) it is sufficient to show that 



voJ(r p ) > vol(A p ) ■ v q _ p (2.3.5) 

Let us underline that T p is (/-dimensional as a union of some q- dimensional components 
of T, and that A p is p-dimensional. We have 

vol(T p )= [ w q =[ (ptw e +p* 2 w h y> 
>[ (plw e )>A(p* 2 w h )«->= f ([ wr P X>l v q -V 



<A P J( Pl \ P )~Hz) 

= u q _ p -vol(Ap). 

In the first unequality we used the fact that all terms of decomposition 

k 

{p\ We + P * 2 w h ) q = J2c]( P lw e y a {p* 2 w h y-i 

3=0 
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are positive. In the second one we used that v q - p is a minima of volumes of (q — p)- 
dimensional compact analytic subsets of X contained in K. q.e.d. 



2.4. Meromorphic families of analytic subsets. 

Let S be a set, and W CC C 9 an open subset. W is equipped with the usual Euklidean 
metric from C 9 . 

Definition 2.4.1. By a family of q- dimensional analytic subsets in complex space X 
we shall understand an subset T C S x W x X such that, for every s G S the set T s = 
jFfi {s} x W x X is a graph of a meromorphic mapping of W into X . 

Suppose further that the set S is equipped with topology and let our space X be 
equipped with some Hermitian metric h. 

Definition 2.4.2. We shall say that the family T is continuous at point sq G S if 
H - lim s ^ So T s = F So . 

Here by 7i — lim s ^ SQ T s we denote the limit of closed subsets of T s in the Hausdorff 
metric on W x X . JF is continuous if it is continuous at each point of S. If Wq is open in 
W then the restriction Tw$ is naturally defined as jFfi (S x Wq x X). 

When S is a complex space itself, we give the following 

Definition 2.4.3. Call the family T meromorphic if the closure T of the set T is an 

analytic subset of S xW x X . 

We shall be interested with an interaction of notions of continuity and meromorphicity 
of families of meromorphic polydisks. 

Let us prove our main statement about meromorphic families. Consider a meromor- 
phic mapping / : V x Wq — > X into a complex space X , where V is a domain in C p . Let 
S be some closed subset of V and sq G S some accumulation point of S. Suppose that for 
each s G S the restriction f s = f\{ s } x w nieromorphically extends onto W DD W . We 
suppose additionally that there is a compact K CC X such that for all s G S f s (W) C K. 

Let, as in Lemma 2.3.1 Vj denotes the minima of volumes of j -dimensional compact 
analytic subsets contained in our compact K C X . Fix some Wo CC W\ CC W and put 

v = mm.{vol(A q -j)-Vj :j = l,...,q}, (2-4.1) 

where A q _j are running over all (q — j)-dimensional analytic subsets of W, intersecting 
W\. Clearly v > 0. In the following Lemma the volumes of graphs over W are taken. 
More precisely, having an Euklidean metric form w e = <i<i c ||,2|| 2 on W C C 9 and Hermitian 
metric form Wh on X, we consider Ff s for s G S as an analytic subsets of W x X and their 
volumes are 

V0 K r f s )= (p\w e +p* 2 W h ) q = / (We+ip^^WhY, 

Jr fs Jw 

where p\ : W x X — > W and p 2 :W x X — > X are natural projections. 

Lemma 2.4.1. Suppose that there exists a neighbourhood U 3 sq in V such that, for all 

si,s 2 g Snu 
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vol(T fsi )-vol(T f J\<u/2. 



(2.4.2) 



// so is a locally regular point of S then there exists a neighbourhood V± 3 so in V such, 
that f meromorphically extends onto V\ x W\ . 

Proof. Step 1. Let so be a locally regular point of S. First of all we remark that the family 
of analytic subsets {r/ s } s6 5 is continuous at so in W\ x X. Indeed, let s n G S,s n — > sq 
as n — > oo. Then from (2.4.2) we see that vol(T f sn ) are uniformly bounded and thus by 
Lemma 2.3.1 Ff ao C (Wo x X) extends to a graph of meromorphic mapping over W. This 
will be also denoted as V f s . Now if one could find a sequence s n G S, s n — > so as n — > oo 
such that Ff Sn -/-^ Ff so in Hausdorff metric, then by Lemma 2.3.1, using the boundedness 
of volumes of Tf s , one finds a subsequence, still denoted as s n such that V f Sn — > r D V f , 
but not equal V f . 

But then, by the relations (2.3.2) and (2.3.3) of Lemma 2.3.1 one has 

hm vo2(r / .J>i/ + vo/(r / . o ), 

which contradicts (2.4.2) . 

Let us prove now that the family T = Uses ^ fa Cl ^ x x X extends to a meromorphic 
family on V± x W\ x X for some neighbourhood V\ 3 sq. 

Fix a point z G RegT f fl (W x X). Here we consider r/ so as analytic space itself. 
So RegTf so is connected dense subset in r/ sQ and SingT f := Tf sQ \ RegT f is an analytic 
subset of T f . 

J SQ 

Now take a point z\ G RegT f fl ( W x X) . Take a path 7 : [0, 1] — > RegT f from zq to 
z\. We shall prove that there is a neighborhood f2 of 7QO, 1]) in W x X and a neighborhood 
V 3 s such that jFfi (y x O) extends to an analytic set in V x O. 

By T denote the set of those t G [0,1] that there exists a neighborhoods 0, t D 7([0,t]) 
and Vt 3 sq such that J-TiV t x O f extends to an analytic set in V t x O t . Note that T is open 
and contains the origin. Now let to be the cluster point of T. Find the chart E = A q x A n 
for the space W x X in the neighborhood of 7 (to) with coordinates iti, . . . ,u q , v±, . . . ,v n in 
such a way that 7(^0) = and Tf so nS = {(w,v) : v = ^b(^)} for some holomorphic map 
F : A q — > A n . By the Hausdorff continuity of our family {F/ s } in s Ff s flO = {(u,v) : 
v = F s (u)} for s close to so, F s holomorphic and continuously depending on s. 

Take t\ G T close to to, such that 7([0,ti]) C S. We have some neighborhoods 
V tl 3 so,Q tl 3 7(^1) such that extends analytically to V tl x Let iti G A 9 be 

such that 7(^1) = (ui,F (ui)). Then there is a neighborhood, say A^(iti), such that 
T/ s n (y tl x A^(ui) x A n ) is defined by the equation v = F(u,s), where F(u,s) = F s (u) : 
Vt 1 x A-?(iti) — > A n as above. From the condition of the Lemma we see that for s G S 1 
close to so F(u,s) extends onto A g . So by Lemma 2.1.1 F(u,s) extends holomorphically 
to Vt 0)£ x A^_ £ , where £ is arbitrarily small (Vt 0>e depending on e ). But this means that 
T extends analytically onto V to x A\_ e x A n . Thus T is closed and coinsides with [0, 1]. 

We proved in fact that for any compact subset R C RegT f fl {W\ x X) there are 
neighborhoods Vr 3 sq,VLr D R such that Tf analytically extend to Vr x Qr. 
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Step 2. Cover the set SingT f s n [{s } x x X] with a finite number of open charts 
of the form l/2V a x fi Q , where V Q = A q and fi a = A n , and such that T fso n (14 x fi a ) 
is analytic cover of V a . By Step 1 we can find an open neighborhoods Vr 3 so and 
Di? = Tf SQ \ [{J a 1/2 V a x Q a ] such that JF analytically extends to Vr x 
Fix now some a. All that remained to prove is that Tf analytically extends to V' a x 
V a x fi a for some neighborhood of V' a 3 so- But this again follows from Lemma 2.1.1 
applied to the coefficients of polynomials which define the cover Tf s (~] (V a x Q a ) — > V a . 

q.e.d. 

Divide the variables in C n = C p+q into two groups : (zi,...,z p ) and (u±, ...,u q ). Let V 
an analytic set in A n x X. Fix some < r < 1 and put T z = Tfl ({z} x A q x X). Consider 
a function 

ur(z) = vol 2g (r z ) = / (dd c \\uf + w h ) q . (2.4.3) 

Here, as usually Wh denotes the (1, l)-form canonically accosiated to h. This is well defined 
for z G A p , for which dim(T z ) = q. Denote the set of such z as U. T := A P \U is contained 
in at most countable union of locally closed proper analytic subvarieties of A p , see [F]. We 
shall make use of the following result of D. Bar let: 

the function vr is locally bounded on A p , 

see [B] Theoreme 3. 

Corollary 2.4.2. If f : A n — > X is a meromorphic map then the Lelong numbers 
<d((f*w) q ,0) are finite for all q = 1, ...,n. 

Proof. This is the same as to bound the Lelong numbers of the currents (dd c \\z\\ 2 + f*Wh) q 
Put z' = (z il ,...,Zi q ) and z = (z jl , ...,z jn _ q ). We have 

4-/ (/*«; + dd c ||z / || 2 ) 9 A(dd c ||/|| 2 ) p = 4- / (dd c \\z"\\ 2 ) p f (dd c \\z'f + w) q = 
r 2p JA?xA« r 2p J A v J Tl , 

= ^^ ( ^ii/ii Ycr( /)< c .^< Cl 

by the Barlet Theorem. 

q.e.d. 

2.5. The Rothstein-type extension theorem and separate meromorphicity. 

Lemmas 2.3.1 and 2.4.1 together with estimate in 3.2 will play a key role in the proof 
of the main result of this paper. Hovewer we shall break here the main line of exposition 
to show how they can be already applied to the classical question entitled above. 

We are going to treat the question of separate meromorhpicity in the form proposed 
by Kazaryan and moreover, we are going to show the condition on the image space X to 
possess the mer. ext. property is "almost" not needed. It was F. Hartogs who proved his 
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" Hartogs-type" extension theorem for holomorphic functions in order to derive from this 
his separate holomophicity theorem. Rothstein did this for meromorphic functions, start- 
ing from E. Levi extension theorem. B. Shiffman fulfilled this program for meromorphic 
mappings. Namely he proved in [Sh-2] that if the complex space X possess a meromorphic 
extension property in dimension n then separately meromorphic mappings from A n to X 
are meromorphic. 

We shall prove here the Rothstein-type extension and separate meromorphicity in 
the form of Siciak and Kazaryan. If the space X posess a hoi. ext. prop, the separate 
holomorphicity in the form of Siciak was obtained, using the approach of Shiffman, by O. 
Alehyane in [A-l]. 

Corollary 2.5.1 Let V <zC p and W CC W C C q be a domains and let E a nonpluripolar 
subset of V . Let further a meromorphic mapping f : V x Wq — > X into a complex space 
X is given. Suppose that for z G E the restriction f z := f \{ z } x w ^ s we ^ defined and 
extends meromrophically onto {z} x W . Then there is a pluripolar subset E' C E such that 
f meromorphically extends onto a neighborhood ofVx WoU(E\E') x W. 

Proof. Take an exaustion Wq CC W\ CC ... of W by relatively compact domains. For every 
n we shall find a pluripolar subset E' n C E such that / extends meromorphically to the 
neighborhood P n of V x Wq U (E \ E' n ) x W n . Then P := \J n>1 W n will be a neighborhood 
of V x W U (£\U n >i E' n )xW = VxW Q U(E\E')x W, where E' := U n >i K is pluripolar 
in V by the Josefson theorem. Finally / is extended to this neighborhood. 

So, we can suppose additionaly that there is a domain W DD W such that for any 
z G E f z is well defined and extends meromorphically onto cl(W) -closure of W. 

Next, fix some compact exhaustion K\ CC ... CC K n CC ... of X. Denote now by E n 
the set of those z G E that f z (W) C K n . While U( n ) = E, starting from some uq all 
E n are not pluripolar. If we shall prove that there exists a pluripolar E' n and extension of 
/ into the neighborhood of V x Wq U (E n \E' n ) x W, then again using Josefson theorem we 
can finish the proof. 

Thus we may additionally suppose that there is a compact K CC X such that f z (W) C 
K for all z G E. 

Take v as in Lemma 2.4.1 for Wq CC W CC W and K. Let R be the maximal open 
subset of E such that / extends to the neighborhood of V x Wo U R x W. Put S = E\R. 
Put further 

S k = {zeS:vol(T fz )<k^}, (2.5.1) 

where graphs are taken over W. Note that by Lemma 2.3.1 Sk are closed and they are 
increasing. Also Ufc>i^ = By Lemma 2.4.1 and maximality of R = E\S the sets 
Sk+i\Sk are not locally regular at any of their points. Thus the sets Si, £2 \ <Si, ... are 
pluripolar and so is S. 

q.e.d. 

Remarks. 1. If E = V and X posseses a mer.ext. property then we obtain the result of 
B. Shiffman, see [Sh-2]. 

2. If X is compact and Kahler then it satisfies this assumption, see [Iv-2]. 

3. Let X posseds a meromorphic extension property in dimension p + q. Then / extends 
onto the envelope of holomorphy of the neighborhood of Fx Wq U(E\ E') x W, which is 
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obviously a neighborhood of Fx W U E* x W. Here we denote by E* the set of locally 

regular points of E. 

4. Let us give the following 

Definition 2.5.1. We shall say that meromorphic mappings into complex space X satisfy: 

(h) a Hartogs-type extension theorem in bidimension (p,q) if every meromorphic map 

from 

HP(r) = {(z 1 ,...,z p+q )eC p+q : \\z'\\ <r,||/|| <1 or \\z'\\ <l,l-r< \\z"\\ < 1}, (2.5.2) 

to X extend meromorphically onto A p+q . Here z' = (z\, . . . ,z p ), z" = (z p +i, • • • ,z p+q ); 

(t) a strong Thullen-type extension theorem in bidimension (p,q) if for any closed 
pluripolar subset S of A q every meromorphic map from 

T p (S,a,b) := (A q xA p (a))U((A q \S)xA p (b)) (2.5.3) 
to X extends meromorphically onto A p+q , here a <b. 

Note that Hartogs (p,q)-extendibility obviously implies the strong Thullen - type one. Vice 
versa is not true. Example is given by a 3-fold constructed by M. Kato in [Ka-2]. 

Namely Kato had constructed a compact three- fold X, which is a quotient of D = 
{[zq : . . . : Z3] G CP 3 : |zo| 2 + |zi| 2 < \z2\ 2 + 1-^3 1 2 } by a co-compact properly discontinuous 
subgroup G C Aut(D). Denote by n : D — > X the natural projection. Consider a 
hyperplane P = {z G CP 3 : z = 0} = CP 2 . Then D (1 P = CP 2 \1 2 , here B 2 is a ball 
{N 2 > N 2 + \z 3 \ 2 } in CP 3 . Thus n | DnP : CP 2 \1 2 -> X cannot be extended onto the 
neighborhood of any point on <9B 2 . So meromorphic mappings into X are not Hartogs 
(l,l)-extendable. 

Let now / : Tl(S, 1/2, 1) — > X be some meromorphic map. While / : T^(S, 1/2, 1) 
is simply-connected we can consider a lifting F = 7r _1 o / : / : T^(S, 1/2,1) — > D C CP 3 . 
By a Thullen-type extension theorem for meromorphic functions F extends onto A 2 . But 
F(A 2 ) DdD = because one cannot touch dD by bidisk. Thus noF gives an extension of 
/ onto A 2 . 

We have the following obvious corollary. 

Corollary 2.5.2. If in the conditions of the Corollary 2.5.1 a complex space X possess 
a strong Thullen-type extension property in bidimension (p,q) and E = V then f extends 
meromorphically onto V x W. 

Let us turn now to the separate meromorphicity. 

Corollary 2.5.3. Let E and G be a nonpluripolar subsets in domains V C C p and 
W C C q respectively. Let F be some pluripolar subset of in V x W. Let further some 
mapping f : E x G\F — > X into a complex space X is given. Suppose that: 

(i) for every z G E, such that {z} xG <f_ F the restriciton f z '■= f \{ z }xG ^ s we M defined 
and meromorphically extends meromorphically onto {z} x G, and 

(ii) for every w G G, such that V x {w} <f_ F the restriciton f w z := f \vx{w} is well 
defined and meromorphically extends meromorphically onto V x {w}. 

Then there are pluripolar subsets E' C E, G' C G and a meromorphic mapping f of 
some neighborhood of (E\E') xWUV x (G\G') into X which extends f. 
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Proof. Withought loss of generality as in the proof of Rothstein-type theorem, we suppose 
that f z extends onto cl(W) for some W DD W and for all z G E, and that there is a 
compact K CC X such that f z (W) C K for all z £ E. The same for f w -s. 

Step 1. There is a point Z = {zq.wq) G E x G such that f holomorphically extend to the 
neighborhood of Z . 

Define 

E k = {zeE:vol(T fz )<k^}. (2.5.4) 

While E is not pluriolar, there exists k and z\ G E^+i \Ek such that Ek+i \ Ek is locally 
regular at z\. The same reasoning as at the begining of the proof of Lemma 2.4.1 shows 
that the family {Tf z : z & Ek+i\Ek} is continuous in the neighborhood of z\. Take a point 
w EW such that f Zl is holomorphic in the neighborhood of w . Remark that this w can 
be taken to be a locally regular point of Gi + i \Gi for some /. From Hausdorff continuity of 
our family in the the neighborhood of z\ we get immediately that all f z are holomorphic 
in the neighborhood of wq for z G E^+i \Ek close to z\. Find a point zq close to zq where 
f w ° is holomorphic. Now the separate analyticity theorem for functions tells us thatthe 
point Z = (zo,wo) is as needed. 

Step 2. End of the proof. 

Applying two times coordinatevise the Rothstein theorem we get the statement. 

q.e.d. 

Remark. 

1. Again, as above, if X posseds a mer. ext. prop, then we can take E\E' = E* and 
G\G' = G* . This case was studied recently in [A-2], using approach developped in [Sh-2] 
and [Sh-3]. 

2. In the case X = CP 1 we obtain the theorem of Kazaryan, see [Kz]. 

3 . Estimates of Lelong numbers from below. 

3.1. Generalities on blowings-up. 

First we recall the Hironaka Resolution Singularities Theorem. We shall use the so 
called embedded resolution of singularities, see [H], [B-M]. Let us recall the notion of the 
sequence of local blowings up over a complex manifold D. Take a point sq G -Do '■= D. Let 
V be some neighbourhood of s and Z smooth, closed submanifold of V of codimension 
at least two, passing through so. Denote by tt\ : Di — > Vq the blowing up of Vo along 
Iq. Call this a local blowing up of Dq along the locally closed center lo. The exceptional 
divisor tv~ 1 (Iq) of this blowing up we denote by E\. 

We can repeat this procedure, taking a point s\ G Di, a neighborhood V\ of that point 
in Di and smooth closed submanifold li in V\ of codimension at least two. 

Definition 3.1.1. A finite sequence {tt 7 }^ of such local blowings up we call a sequence 
of local blowings up over s$ G D, or a local regular modification. 

By we denote the corresponding centers in the neighborhoods {V}}^, 1 of 

points {sjj^SQ 1 , and by {Ej}^ =l the exceptional divisors, Sj G Dj. 
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If Vj = Dj for all j = 0, N — 1, and points Sj are not specified we call this sequence 
a sequence of (global) blowings up or a regular modification. In this case we put n = 
7rio...o7r7v, D = Dn, E denotes the exceptional divisor of tt, i.e. E = n^il^-i U ... U (ix\ o 

...07TAr) _1 (Zo)- 

Theorem. Let L be a subvariety of D. Then there exists a regular (not local!) modification 
tv : D — > D such that: 

1 ) the strict transform L of L is smooth; 

2) U C SingLi, where Li is a strict transform of L by it\ o ...oiXj. 
See [H]. 

For the proof we refer to [B-M]. 

Remark. We shall use this Theorem only for the case dim D = 3 and dimL = 1. 
Tn this case (while dim SingL = 0), we need only blowings up of points to resolve the 
singularities of L. We shall need also the following three Lemmas about the behavior 
of meromorphic mappings under the modifications. First let us introduce some more 
notations. Let f : D\S ^ X he a meromorphic map into a complex space X. Here D is 
a manifold and S supposed to be closed and zero dimensional. 

Definition 3.1.2. Recall that a closed subset S of a metric space is called zero dimensional 
if for any so G S and for almosr allr > the sphere centered at sq of radii r do not intersect 
S. 

By 1(f) we shall denote the set of points of indeterminacy of /. By I p (f) those 
components of /(/) which have dimension at least p. By I P)S (f) the set of components 
from I p (f) which pass through the point s; by I P: n(f)-th.e set of those components from 
I p (f) which intersect the set R. 

Remark also that if / is an (irreducible) analytic set in D\S of pure dimension p > 1, 
then its closure is an (irreducible) analytic subset of D, provided S is zerodimensional. 

Lemma 3.1.1. Let f : B™ — > X be a holomorphic map of punctured n-ball, n>2, into a 
complex space X which meromorphically extends onto B n . Suppose one can find a sequence 
{^AjLi °f blowings-up in such a way that: 

(i) 7Ti is a blow-up of := B n at s ,i = 0; B^ := ^(Bfi). 

(ii) nj+i is a blow-up of B™ at points {sj,i, Sj,^} C [jf^i 1 ^^(sj-i^i); here Nq = 1. 
(Hi) fj := f o (-7Ti o ... o7Tj) is holomorphic on B™ \ {sj,i, Sj^}- 

Then there exists jo such that fj is holomorphic on . 

Proof. By T f C B n xX denote the graph of /. Put T = TfC\({0})xX). Write T = \J?= 1 T i - 
decomposition into irreducible components. Put Ej+ij = 7rJ+i(sj,i)>* = 1) •••■,Nj,Ej + i = 

Ui=?i ~ the exceptional divisor of 7Tj+i. Usually we denote by Ej+ij also all strict 

transforms of it by subsequent blowings-up. 

Step 1. For every i = l, ...,N there are a j and 1 < k < Nj such that fj + i(Ej + i^) = Tj. 

We shall prove this for i = 1. Take a point a G -RegTi \(Ui^2-^*)- There is a 
holomorphic map (j) : A 2 — > Tf, such that: 

(i) </>(Ax{0})=a, 

(ii) <^(A 2 \(Ax{0}))cr / n(^xX), 
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(iii) for any z' G A the map <f) z i := |{ Z '} X A is proper and primitive (i.e. not multiple 
covered). 

Such map can be constructed first as imbedding into the smooth manifold F^, which is 
a modification of Tf. One should only chose 4> to be transversal to the exceptional divisor 
of smoothing modification tv : Tf — > Tf on each disk {z'} x A, and then take ttoc/) as cf>. 

Put ip = Pi o(f), where pi : B n xI-» B n is a natural projection, and ip z > := ip |{ 2 '}xA 
for z' G A. By ip 3 ' : A 2 — > B™ denote the lift {tt\ o ... o/Tj) -1 o t(j of ■?/> by 7Ti o ...ottj. 

There is a j such that is an imbedding of A (after shrinking A if necessary). So 
(after shrinking of A), ip z > is also imbedding for all z' G A. Remark that for all z' G A by 
construction one has lim Zfc ^o(/i °^ z '){ z k) = o>- 

Case 1. V'o'(O) ^ { s j,i»---5 s j,iv J } for some j. 

In this case clearly fj(Ej ji ) = F\, where % G {1, ...,Nj} is such that Ej^ 3 ^q,(0). 

Case 2. ip J o ,(0) = Sj^ j for all j. 

Then there exists j x such that ^(0) ^ V#(0) for ^ °> but Vi _1 (0) = V# -1 (0). 
Now one can take some z' instead of 0' for which ip 3 J G" {sj 1 ,i,-.-,Sj lj N jl } and repeat the 
Case 1. 

Step 2. Let v be from (2.4.1) for some fixed Hermitian metric h on X and some com- 
pact K D f(B1). Then by Lemma 3.2.1 the sum of Lelong numbers of currents f*w + 

dd c \\z\\ 2 ,...,(f*w + dd c \\z\\ 2 ) n is >N-u. 

If fj 1 is not holomorphic say in Sj lj \ we can take this point instead of zero and repeat 
the Step 1. If this procedure doesn't stop then the sum of Lelong numbers must be infinite. 
This contradics the meromorphicity of / at zero, see Corollary 2.4.2. 

q.e.d. 

Let fo : D \ So — > X be a meromorphic mapping into a complex space X, So-being 
zerodimensional, sq G So, dimDo = 3. Put {l± ,...,1^/} = ii, So (/o)- 

Suppose that is smooth. Consider the following sequence of blowings-up. 

1) pi : D\ — > D is a blowing up of _D along . By E\ denote the exceptional divisor of 

Pi- 
Suppose that f\ := /o°Pi meromorphically extends onto D\\S\ with Si being ze- 
rodimensional. Take some s\ G p7 1 (so) HSi (if such exists). Let p x : D x — > Di be a regular 
modification resolving the singularities of all noncompact components of /i )Sl (/i) which 
are contained in Denote them (and their strict transforms) by ...,lp\ 

2) pi : Di — > Di is the composition with p x of the regular modification p x : Di — > 
which is successive blown-up of , then ^ , and so on till 4 1} - By £ 2 we denote the 
exceptional divisor of p±op 2 . 

n) Suppose that p n : D n — > -D n _i is constructed. 

By £■„ denote the exceptional divisor of p\ o...op n . Suppose that f n := f n -i °Pn 
meromorphically extends onto D n \ S n with S n being zerodimensional. Take some s n G 
p~ 1 (s n -i) flS n (if such exists). Let p n : D n — > D n be a regular all noncompact components 
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of Ii,s n (f n ) which are contained in E n . Denote them (and their strict transforms) by 

,(n) An) 

h >— j'p^- 
n+l) p n +i : D n+ i — > D n is the composition with p n of the regular modification p n : 

D n+ i — > D n which is successive blown-up of l[ n \ then and so on till Ip'K By i? n +i 
we denote the exceptional divisor of pi o ... op n+1 . 

Lemma 3.1.2. There exists a uq and s no G S no fl (pi o ... o p no )~ 1 (so) such that no 
noncompact component of h, Sno (fn ) is contained in E no - the exeptional divisor of p\o 
-op no . 

Remark. This means that after applying i?o-times this Lemma we get a regular modi- 
fication p ni : (D ni ,S ni ,f ni ) -> (D ,S ,fo) and a point s ni G S ni np~l(s ) such that all 
components of h, Sni (fn 1 ) are compact and contained in p~^(so)- 

Proof. The proof follows from the previous Lemma 3.1.1 by sections. Take a point a' G 
4°^ \^o- Find a coordinates Z1.Z2.Z3 in the polydisk neighborhood A 3 of a' such that 

(i) a' = 0, 

(ii) A 3 ns o = 0, 

(iii) A 3 n/[ 0) ={z:z 1 = z 2 =0}. 

For z' G A 2 223 we put A z > = {z'} x A and f z > := f \a z ,- Let v\ be from Lemma 2.3.1. 
Put E = and 



= {z' G A 2 : voi(r^) < ^ • j}, for j > 1. (3.1.1) 



J 3 
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From (2.3.2) we see that Ej are closed, Ej C Ej+i, and Uj^i^j = ^ 2 • Find ji > 1 such 
that Ejj yEj^-i contains a closed disk A(a ) C Z^ centered at a G . Note that by 
Lemma 2.3.1 and the fact the / is not holomorphic in the neighborhood of a it follows that 
Ej x is contained in a proper analytic set in the neighborhood of a in A 2 . So we can find 
a disk A (do) C A(ag) such that for some r > (A ro x A(a ) \ {0} x A(a )) C Uj >J1 ^j- 
Remark that if z[ G {0} x A(ao) and 22 G (A ro x A(ao) \ (A(ao) x {0}) one has a jump of 
volume: I voI(r f ,)-vol(T f „)\>v 1 /2. 

J 0,z 1 °' z 2 

Suppose that for all n the set £? n contains a noncompact component of I(f n ), which 
projects by p\ o ... op n onto . Repeating the arguments above we can construct a next 
sequence: 

(i) a n a point on Z^; 

(ii) a disk A(a n ) and disk A rn such that if z x G {0} x A(a n ) and z 2 e ^r„) x A(a n )) \ 
({0} x A (a n )) one has a jump of volume: |voi(r/ , ) — voi(r/ „)|>^i/2. 

(iii) p n (A(a n ) CC A(a n _i). 

Let a G n^Li(Pi ••• pn)(A(a n )). Take a two-ball S 2 centered at a and transversal 
to Note that if this ball was chosen sufficiently small that / \ B 2 is meromorphic 

and by properties (i)-(iii) above all / o (p n o ... opi) are essentially meromorphic i.e. not 
holomorphic. This contradics Lemma 3.1.1. 

q.e.d. 
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In the sequel we shall repeatedly use the following statement. 

Lemma 3.1.3. Let f : H n+1 (r) — > X be a meromorphic map into a complex space X, 
which possess a meromorphic extension property in dimension n. Then f meromorphically 
extends onto A n+1 \ S , where S = Si x ... x S n+ i and all Sj C A are of harmonic measure 
zero. 

Proof. We shall prove that / extends meromorphically onto E n+1 (r)\S with S as de- 
scribed. Here 

£ n+1 (r) = (Ar 1 xA r xA)U(Ar 1 xAxA 1 _ r , 1 )= \J E n Zi (r) 

zi€A r 

in notations of 2.2. This will clearly imply the statement of Lemma. 

According to the assumption of n-dimensional extension property of X , for every z\ G 
A r the restriction f Zl = f \E n (r) extends meromorphically onto D Zl := {zi} x A™" 2 x A 2 . 

After shrinking, we can suppose that all f Zl are meromorphic in the neighborhood 
of D Zl in {zi} x C n . Put D := A?" 2 x A 2 . Take e > and consider D e = {z G D : 
d(z,dD) > s}. Denote by £ the maximal open subset of A r such that / meromorphically 
extends onto O x D e . Let S £ = A r \Q £ . Let u p be as in (5) of Lemma 2.1.1. Put 
v = inf {u p ■ £ 2 (™-p) : p = 0, n - 1}. 

Consider a following closed subsets of S s : Sj = {z\ G S £ : vol(Tf zi ) < | -j}. Note 
that Sj +1 D Sj and S £ = U^S £ . S £ +1 \Sj is of harmonic measure zero in A r \S £ . 
Really, would so G Sj +1 \ S e be some regular point of S £ +1 , then by Lemma 2.4.1 f would 
meromorphically extend onto VxD fore some neighborhood V 3 sq- This contradics the 
maximality of fi e . By the Josefson S s is polar. 

Further S\ = U e S s is polar, so / extends onto (A r \<Si) x D. Repeating the same 
arguments for other coordinates we obtain the statement of Lemma. 

q.e.d. 

Consider a meromorphic map fo : D \So ^ X into a complex space which possesses a 
meromorphic extension property in dimension n, Sq is zero dimensional and dimDo = n + 1. 
Let 7Ti : D\ — > Dq be some regular modification. 

Lemma 3.1.4. /o 07I "i extends to a meromorphic map fi : Di\S± —> X, where Si is zero 
dimensional, closed and pluripolar subset of Di. 

The proof, which is similar to that of previous Lemma, will be omited. 
We shall also make use of the fact that the set of harmonic measure zero on the plain 
has zero dimension, see [Gl]. 

Note that Lemma 3.1.3 gives part (i) of Theorem 2. 
3.2. Estimates. 

Let X be a complex space, equipped with some Hermitian metric h. By 10 we denote, 
as usually, (l,l)-form canonically associated with h. Let £0 be some zero dimensional 
closed subset of a complex manifold D and let / : D \ Sq — ► X be some meromorphic 
map such that cl(f(D \ So)) C K-some compact in X. Suppose that some sequence 
{njjjL-^ of local blowings-up Hj : Dj — > -Dj-i over the point sq G Sq is given. Denote by 
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fj the lifting of fj-i onto Dj, i.e. fj = fj-i oirj, where fo = f. Suppose now that all fj 
extend meromorphically onto Dj \ Sj , where Sj are closed zero dimensional subsets of Dj . 
As before, by lj-i we denote the center of nj and by Ej = 7r~ 1 (/ J _i) the corresponding 

exeptional divisor (and all its strict transforms under 7r,-+i, ...,7Tat). Denote by S = Sn 
and by D = D^. Put also tv = tt\ o ... o p i N : D — > Dq. We suppose moreover that fj\E\s- 
meromorphically extends onto Ej. For every j = 1, N by rj denote the rank of fj\E y 

Remark. In what follows the locall blowings up will appear in the following context. 
Take a point Sj G Ej and let lj be the smooth compact component of Ii, S j(fj) (note that 
codimlj > 2). In this case we shall take Vj = Dj and blow up Dj along lj to obtain an 
exeptional divisor Ej + i. If lj was compact then Ej + i is also compact. Such configurations 
will contribute to our estimates of Lelong numbers. 

Consider now currents T p = (f*uj + dd c \\z\\ 2 ) p on D \ (So U/(/o)). More accurately 
the currents T p one can define as T p = ((pi \ r f ) + dd c \\z\\ 2 ) p . For each T p we consider 
the Lelong number of T p in sq: 



e(T p ,s ) = limsupl/£ 2(n - p ) I T p A(dd c \\z\\ 2 ) 2(n - p \ (3.2.1) 

eN0 JB S0 (e)\(S Ul(f )) 

which can of course take infinite value, n = dimD . By u p = v p (K) we denote, as before 
the minima of volumes of p-dimensional compact sub varieties in X, which are contained 
in K. By a p denote the number of those j that lj is compact and r J+ i = p. 

Lemma 3.2.1. There is a constant C = C(h,K), depending only on Hertmitian metric h 
and compact K , such that for any meromorphic map f as above one has the next estimate 
for the Lelong numbers of the currents T p in the point so G S: 

®(T p ,s )>C-a p -v p (3.2.2) 

Proof. Take only thouse Ej x which are wlowings-up of compact lj x -\ and rkfj 1 \E jl = P- 
To simplify the notations in what follows we drop the subindice 1 in j-s. 

Take an e-neighborhood V s of Uj=i Ej with respect to some metrik on D. Remove 
from V s the s- neighborhood of intersections EiC\Ej,i ^ j, ^-neighborhood of S and s- 
neighborhood of /(/tv)- For e > small enough we obtain the union Uj^x of pairwise 

disjoint open sets: \JjUVf = V s \ (((J^ ;E l n E 3 ) e U S £ U I(f N ) £ )- By Vf denote the 
closure of Vf in D. 

Denote by W? the image of Vj under the blown-down mapping n : D — > Dq. Starting 
from here we put sq = 0. Note that for e > suffuciently small W? n Wf = {0} for 

i 7^ j. Note further that 7r _1 |w e \{o} : Wj \ {0} — >■ D is correctly defined and, in fact, 
n~ 1 (Wj \ {0}) = Vj\Ej. Denote by Fj the closure in D x X of the graph of / |m/e\{ }- 

So Fj fl ({0} x X) is compact in {0} x X of finite Hausdorff p-measure. In fact Fj D 
({0} x X) is the closure of the image of f N (Ej \ (S* U \J ijtj Ef)Ul(f N ) £ ), so F/ n ({0} x X) 
is contained in a compact subvariety Aj = f(Ej) of {0} x X of complex dimension p. 
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Let if be a compact in X containing cl(f(D Q \So)). Cover if by a finite number of 
open sets {U&}, which are biholomorphic to an analytic subsets of A™ 1 - unit polydisk in 
C mi , mi >m = dimX. Appropriate coordinate functions on U a are denoted by uf, . 
In each A™ 1 find an orthonormal basis e^, ■■■,e 1 ^ 1 of (l,0)-forms with respect to the Her- 
mitian metric h a on A™ 1 , so that the form Wh can be written as Wh = Sj=i f e a ^4- 
Now put ||w a || 2 = YlT=i \ u( j\ 2 an< ^ express 

mi 

l -dd\\u-\\ 2 =J2c% l -eiA-e k a , (3.2.3) 
3,k=l 

where [c"^]J^ =1 is strictly positive-definite matrix depending on u a G U a . Find constants 
C\,C 2 a such that 

mi 

Ci-w h < l -dd\\u a f= £c^ Q Ae*< 

mi . 

Denote by A~ e := RegA 3 \ {f J (E J nS e j n\J l _ Lj Ef))). Cover A~ e by a finite number of open 
sets Vi satisfying the following conditions: 

(i) Vi CC U a for some a. 

If 4> a : U a — > A™ 1 is coordinate imbedding, and 4> a | vi is a proper imbedding into 
some open subset V i of A^ 11 , then on V i one can introduce coordinates u\,...,u l mi such 
that 

(m,) V { is polydisk in coordinates u 1 and 4> a (Vi nA~ e ) = {u l : u l p+1 = ... = u l mi = 0}. 

(Hi) \-dd c \\u a \\ 2 <dd c \\u l \\ 2 <2-dd c \\u a \\ 2 . 

(iv) Each point of A~ e belongs not more than to 2p + l ofVi. 

If p = mi , then the second condition is not needed. Put U = V i to simplify the notations 
and denote by B™ the ball of radiu r centered at zero, < r < e, where e is choosen 
sufficiently small to garantee that the restriction onto F? n (B™ x U) of the projection 
pr:B n xU — ► B n x U Uu ... jUp is proper. Here U = U Ul ,... jUp x U Up+u ..., Umi . We had droped 
the indice i in u l . 

Now put C{K) = max a {C^,C2,2}. Further put Z 3 = pr(FJ n (B n xU). It is a closed 
subvariety of dimension n in B n x t/ Ulv .. jU . 

Consider the following Hermitian metric on B n x U Ult ___ jUp : e = Y^=i \^ z j ®dz 3 + 
Y^k = i^duk® duk- Denote by vol e Zj the volume of Zj with respect to e. Then putting 
IMIi = Sj=i l^il 2 > we have 

vol e {Z 3 )< [ (dd c (\\z\\ 2 + \\u\\i)) n < 

J(B?xU)r\F? 

2 n C 

<-/ (^ c (||^|| 2 + || W ||?))^A(^ c (||z||) 2 )^< 
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on r 

<C P (K)^- / (dd c \\zf + w) p A(dd c \\z\\ 2 ) n - p = 

on p 

= C{K) P — \ T p A(dd c \\z\\ 2 ) n - p . (3.2.5) 

n - JBpnw* 

From the well known lower bound of volumes of analytic varietes, see [A-T-U], one 

has 

vol 2n {Z 3 )>C-r 2n - 2p -voh p {Z 3 ). (3.2.6) 

here = Zj H ({0} x(7) = A~ e n C/ and C is absolute constant. Now from (3.2.5) and 
(3.2.6) we get that 

on r 

C p (K)-r / T p A(dd c (\\z\\) 2 r- p >vol e (Zj)> 
>C-r 2n - 2p vol e (Z°) = r 2n - 2p C-vol e {A 3 nU) > r 2n ~ 2p C ■ 1/C P (K) ■ vol h {Aj HU). 



So 



j.2n—2p 



[ T p A{dd c \\z\\ 2 ) 2 - 2p > nlC l {K) Y,vol h (Aj* nV,) > 
JBpnw? z 



^ n\C 2p (K) , ,._ e . 
Remained to take sum over j = l,...,a p and let e — > 0. 

q.e.d. 

Proof of Theorem 1 . 

(a) is proved in Lemma 3.1.3. 

(b) Take a ball .Do centered at so and such that all components of h(fo) intersecting 

Dq pass through sq. Denote S = D f] S and put fo = f \d \s - Denote by l^\...,l^ o 
all components of codimension two in I So (fo). In the sequel we shall say that a regular 
modification tt : (Di, Si, fi) — > (Dq, So, fo) is given, having in mind that fo is defined 
and meromorphic on D \So, where So is zero dimensional, and that fi = /0 071 " extends 
meromorphically onto Di \ Si, where Si again is zero dimensional by Lemma 3.1.4. We 
denote by the set of all irreducible components of 1(f) which intersect the subset R. 

Step 1. There is a regular modification tvi : (Di,Si, fi) — > (Do, So, fo), such that the set 
^ 7r - 1 ( So )(/i) doesn't contain components of codimension two, which tti maps onto some of 

7 (o) ° 7 ( 0) 
n > at • 

Proof of Step 1. Let pi : (Di,Si,fi) — > (D ,So,fo) be a regular modification which is a 
composition of resolution of singularities of and blow-up of strict transform of By 
= {li , ...,1^} denote the set of all components of I p - 1 ( So )(fi) whom pi projects onto 

7 (0) 
n • 
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Further, let p 2 : (D 2 ,S2,f2) — > (Di,Si,fi) be a regular modification, which is a 
composition of resolution of singularities of all Z^,...,/^ and successive blowings-up of 
their strict transforms, and f 2 = fi°p 2 - 

Suppose p n : (D n ,S n , f n ) — > (D n -i,S n -i,fn-i) is constructed. Let us denote by 
/(«■) = {/^, the set of all components of ^i,( Pl o...op„)- 1 (/n) whom p n o...op 1 projects 

onto l±. Let p n +i : (Dn+i,Sn+i,fn+i) —> (D n ,S n , f n ) be a regular modification, which is 
a composition of resolution of singularities of all ^ , and successive blowing-up of 

their strict transforms. Again / n +i := f n °Pn+i- 

no) i{n ) 



Lemma 3.1.2 tells us that for some no we have /( n °) = 0. Denote by /} no) ,...,/ 



''AT, 



o 



the set of all components of I( Pl0 ...o Pn )- 1 (fn ) whom pi ° ■■■ ° p no projects onto some of 

/! 0) ,...,/JJ ( ;. We proved that ( Pl o ... opJj(U=7 ^ o) ) C U=° 2 *{ 0) - 

By i?i denote a component of the exeptional divisor of p\ o ... op no such that (p\ o ... o 
p no )(E 1 ) = lf ) . 

Repeating this procedure for the strict transform of 4 instead of and so on till 
we get the regular modification tt\ : (Di,Si, f\) — > (Dq,Sq, fo) such that no 1-dimensional 
component of I(fi) is mapped by 7Ti onto some of l±, By Ej denote the union of 

the components of the exeptional divisor of tt\ such that ir\(Ej) = l^°K Lemma 3.1.2 gives 
us now the statement of Step 1. 

By = denote the set of all one-dimensional componets of -^ 7r - 1 ( SQ )(/i)- 

Note that they all are contained in the fiber 7r ] ~ 1 (so). In particular they are compact. 

Step 2. There is a regular modification tv 2 '■ (D 2 , S 2 , f 2 ) — > (D\,S\, f\), such that the set 
^( 7ri o 7 r 2 )- 1 (so)(/2) doesn't contain any component of codimension two. Moreover 
®tl(f* w , s o) >N\-v. Here the total Lelong number is defined as Q t i(f*w, s$) := 
= Q(f*w,so) +<d((f*w) 2 ,so) and Ni is a number of 1-dimensional components of 

Proof of Step 2. Construct inductively the following sequence of regular modifications: 

(1) p2 : (D 2 ,S 2 ,f 2 ) — > (Di,S\,f\) is a composition of resolution of singularities of all 
and successive blowings-up of their strict transforms. 

Suppose p n : (D n ,S n ,f n ) — > (-D n -i, Sn-i, f n -i) is constructed. Let us denote by = 
{l^,.../^} the set of all one-dimensional components of I( 7ri op 2 o...op n )- 1 (fn) whom 7Ti o 
p 2 o...op n projects onto some of l{\ 1$. 

(n+1) p n+ i : (D n+1 ,S n+1 ,f n+ i) -> (D n ,S n ,f n ) is a regular modification, which is a com- 
position of resolution of singularities of all l[ n \...jff and successive blowing-up of their 
strict transforms. 

By Lemma 3.1.2 for some n\ we have = 0. This means that there are compact 
divisors E^, ...,E^ such that p ni := tt\ op 2 o ... op ni maps E^ onto tfp and f ni \ E W\ S 

meromorphically extends onto e\ X \ Lemma 3.2.1 gives us Qtl{f*w,so) > N\-i>. Put 
n 2 :=p 2 o ...op ni ,D 2 :=D ni J 2 := f ni ,S 2 :=S ni . 
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If I(ir 1 oir 2 )- 1 (s )(fn 1 ) 7^ we can repeat this procedure for f ni instead of fi and obtain 
the following sequence of regular modifications: 

...^ D n ^...^D 2 ^D 1 ^D 

Here, if we put 7r n = 7Ti o ... o yr n and l {n) = ...,/}^} = /i,( 7r «)-i( So )(/n), then 

Ii,(-K n + 1 )- 1 (s )(fn+i) doesn't contain components which 7i n+1 maps onto some of 

So if Ii,(-K n )- 1 (s )(fn) is n °t empty for all n then Qtl(f*w,so) > T^ =1 Ni-u for all 
n. This contradics the condition of the Theorem. Thus f( 7ri oTr 2 )- 1 (s )(fn 1 ) = ^ ^ or some n ? 
and consequently l^ n ' = for some n. Hence the Step 2 is proved. 

Step 3. There is a regular modification tts : (Ds,Ss, fa) — > (Do,So,/o), swc/i £/ia£ /3 zs 
holomorphic in the neighborhood of n 3 ~ 1 (so). 

Proof of Step 3. Let tt\ o 7t 2 : (D 2 ,S 2 ,f2) (Do,£>o,fo) be a regular modification 
constructed in Step 2. If ^n/^o^j-i^)^) is not empty then take a point s 2 G 

-^(7rio7r 2 )- 1 (s )(/2)- If o 7T2 is not biholomorphic, then there is a compact curve 
C3 s 2 , C C (7ri0 7r 2 ) _1 ( s o), C^CP 1 . If ttiotts is biholomorphic take C = {,2 2 = z 3 = 0} - 
line in D = B 3 with so G C. 

By B 2 denote some two-ball transversal to C at s 2 . 

Case 1. f 2 \b 2 \s 2 holomorphically extends onto B 2 . 

In this case f 2 is holomorphic in the neighborhood of s 2 . To see this, take a Stein 
neighborhood W ofT^^ in D 2 x X. Then the needed statement follows from the Hartogs 
extension theorem for holomorphic functions. But this contradicts the choice of s 2 . 

Case 2. f 2 \ B 2 is not holomorphic (i.e. essentially meromorphic) . 

Denote by ps : B 2 — > B 2 the finite sequence of blowings-up of points such that 
f 2 o p 3 : B 2 — > X is holomorphic. Take a regular modification 7Vs : -D3 — > -D 2 as an 
extension of ^3 along C. Let p' 3 (correspondingly tv 3 be the last blowing-up in the sequence 
p 3 (corr.7T3). Let I3 (corr.E^) denote the exeptional divisor of p 3 (corr.7r 3 ). Then either 
(f2°K~3) \e 3 is nonconstant or I3 G I 1 7r - 1 ( So )(/2°'T"3)- In both cases we have a contribution to 
@ti(f* , u ! ,so) of at least v. If / 2 o7r 3 is not holomorphic in the neighborhood of (7r 2 o7r 3 ) _1 (so) 
then take 114 to be a composition of a regular modification described in Step 2 and just 
above. We get a sequence of regular modifications 

...'X 1 D n ^...^D 2 ^D x ^D Q 

such that @ti(f*w,so) > n-u. So it is finite by the assumption of the Theorem. That 
means that for f n o 7r n with n big enough only the first case can occur. Thus f n o iv n is 
holomorphic in the neighborhood of o ... o 7r n ) _1 (so). 

The proof of Step 3 and thus of Theorem 1 is completed. 

q.e.d. 
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